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Abstract 
 In the context of educational segregation by ethnic group, it has been argued that rigorous pair 
wise segregation comparisons over time or across space should be invariant in two situations: 
when the ethnic composition of the population changes while the distribution of each ethnic group 
over the schools remains constant (invariance 1), or when the size distribution of schools changes 
while the ethnic composition of each school remains constant (invariance 2). This paper makes 
three contributions to this literature. First, it presents a testing strategy for choosing between the 
two properties. Second, it argues that both properties have strong implications, and that there are 
reasons to defend that the overall segregation index need not satisfy either one. In particular, the 
contrast between invariant segregation indices and the Mutual Information segregation index that 
violates both properties is illustrated with a number of examples. Third, nevertheless, it is shown 
that pair wise segregation comparisons using this index can be expressed in terms of (i) changes in 
the ethnic composition of the population, (ii) changes in the school size distribution, and (iii) 
changes in a third term that is invariant 1 or invariant 2. These decompositions can be used to 
reach the analogous ones obtained in Deutsch et al. (2006). 
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I. INTRODUCTION 
 
The phenomenon of segregation has preoccupied sociologists and economists during the last 50 
years in two different contexts: the occupational segregation by gender in the labor market, and the 
residential or school segregation by ethnic group.2 For concreteness, and given the increasing ethnic 
diversity in many countries, this paper focuses on school segregation in the multigroup case, that is, 
when there are more than two ethnic groups. 
This paper studies two invariance properties of a segregation index, originally discussed in the 
context of pair wise segregation comparisons over time or across space. Consider for a moment the 
special but important case of occupational segregation by gender, and assume that segregation in 1950 
and 2000 are being compared in a given country. The two questions often asked are the following (see, 
inter alia, Watts, 1998). 
First, should the measurement of occupational segregation be independent of the fact that female 
labor participation has greatly increased over time? Many people would agree that, as long as the male 
and female distributions over occupations remain constant, the degree of segregation should be the 
same in the two situations (this is known as composition invariance, or invariance 1). In the multigroup 
case, the question becomes: should segregation be invariant to changes in the ethnic composition of the 
population as long as the distribution of each group over the schools remains constant?  
Second, should occupational segregation be independent from the fact that agricultural and 
industrial occupations are much more important in 1950 than in 2000, while services occupations carry 
much more weight in 2000 than in 1950? Many people would agree that, as long as the gender 
composition of each occupation remains constant, the degree of segregation should be the same in the 
two situations (this is known as occupational invariance, or invariance 2). In the multigroup case, the 
question becomes: should segregation be invariant to changes in the size distribution of schools as long 
as the ethnic composition of each school remains constant?  
                                                 
2 For a recent treatise in occupational segregation by gender, see Fluckiber and Silber (1999), and for references to residential 
and educational segregation, see Reardon and Firebaugh (2002). 
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The paper makes three contributions to the literature in the homogeneous case in which the two 
situations under comparison share a common structure, that is, the same number of demographic 
groups and organizational units. In the first place, although the choice of invariance property might be 
resolved by an appeal to intuition, the issue might also depend on the circumstances of the case. 
Accordingly, a testing strategy is proposed to decide which type of invariant index should be used in 
applications. 
In the second place, it is argued that both invariance properties have strong implications, and that 
there are reasons to defend that the overall segregation index need not be invariant 1 or invariant 2.3 
This position is substantiated by means of the Mutual Information or M index, based on the entropy 
concept used in information theory that was first introduced in the segregation literature by Theil and 
Finizza (1971). Although the M index violates both invariance properties, it is very appealing for the 
following reasons. First, Frankel and Volij (2007) have characterized the underlying segregation 
ordering in terms of eight axioms. Second, the M index has been shown to satisfy a number of other 
desirable properties discussed in the literature, including two additive separability properties into 
between- and within-group terms for any partition of either the schools or the ethnic groups (for a 
review, see Mora and Ruiz-Castillo, 2007a). Third, Mora and Ruiz-Castillo (2007b) show that a test on 
segregation in an unrestricted statistical model leads to the M index, and that differences in segregation 
over time or across space according to the M index can be tested in an appropriate statistical 
framework. 
It may be argued that intertemporal or international comparisons of segregation levels using the 
M index are “contaminated” by changes in the marginal distributions. However, in its third 
contribution, this paper establishes that pair wise comparisons over time or across space according to 
the M index can be decomposed into three terms capturing (i) changes in the ethnic composition of the 
student population, (ii) changes in the school size distribution, and (iii) changes in a third term that is 
                                                 
3 We are not alone in this position. See, inter alia, Coleman et al. (1982), Flückiger and Silber (1999, pp 84-85), Watts (1992, 
1998), and Frankel and Volij (2005). 
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invariant 1 or invariant 2.4 It is shown that these decompositions can be used to reach the analogous 
ones obtained in Deutsch et al. (2006). 
The remaining of this paper is organized in five Sections. Section 2 presents the notation, the 
notions of segregation most often used in the literature, and a variety of invariance axioms. Section 3 
discusses an empirical strategy to decide which type of invariant index should be used in applications. 
Section 4 introduces the M index, as well as a number of examples that illustrate how demanding 
invariance 1 and invariance 2 really are, and why it may be justified that a segregation index violates 
them. Section 5 presents two decompositions of the M index which isolate either an invariance 1 or an 
invariance 2 term for the purpose of making pair wise segregation comparisons over time or across 
space. Section 6 concludes. 
 
 
II. NOTATION AND INVARIANCE AXIOMS 
 
II. 1. Notation 
 
Let X be a city with G ethnic groups distributed over N schools, indexed by g = 1,…, G and n = 
1,…, N, respectively. Denote by ngT  the number of students of ethnic group g in school n. The data 
available in empirical situations can be organized as follows: 
 
     
[ ]
1
1 1
1
Ethnic groups
1
1
Schools
N
N
G G
T T
X
T T G
N
   
   
=    
     
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L
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1
:
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n
g g
n
T T
=
=∑  number of students of ethnic group g 
                                                 
4 Many authors have defended this strategy before using other segregation indices. See, inter alia, Blau and Hendricks (1979), 
Jonung (1984), Beller (1985), and Watts (1992, 1998). 
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1
:
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n n
g
g
T T
=
= ∑  number of students attending school n 
 
1 1
:
G N
n
g
g n
T T T
= =
= =∑ ∑  total number of students in the city. 
We are often interested in spatial or intertemporal segregation comparisons between 
heterogeneous situations, that is, between cities with a different set of demographic groups and/or 
schools. However, in what follows it will be assumed that we have data about two comparable cities 
that share the same number of ethnic groups and schools. A discussion of the possible empirical 
strategies to deal with the heterogeneous case is beyond the scope of this paper.5    
The information contained in the joint distribution of ethnic groups and schools is usually 
summarized by means of numerical indices of segregation. Let X be the set of all cities with G ethnic 
groups and N schools. A segregation index S is a real valued function defined in X, S(X), providing the 
extent of school segregation for any city X. The concept of segregation used in this paper embraces two 
views. First, the notion advocated by James and Tauber (1985), according to which segregation is seen 
as the tendency of ethnic groups to have different distributions across schools. Second, the idea of 
“representativeness” emphasized by Frankel and Volij (2007), which asks to what extent schools have 
different ethnic compositions than the population as a whole.6 As can be seen in expression (1), where 
the rows are ethnic groups and the columns are schools, evenness and representativeness are dual 
concepts: deviations from evenness (representativeness) correspond to differences in the row (column) 
percentages. 
 
II. 2. Relative and Absolute Segregation Views 
 
It is customary to ask: should segregation depend on the population size T? Most answers in the 
literature have been in the negative, that is, most segregation indices satisfy the following invariance 
                                                 
5 Herranz et al. (2005) may provide a starting point for the treatment of heterogeneity. Using the M index in the two-group 
case, these authors propose an algorithm to reduce the number of occupations in two different time periods without 
significantly reducing the segregation values. 
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property. 
Size Invariance (James and Tauber, 1985; Weak Scale Invariance in Frankel and Volij, 2007). If X 
and X’ are two cities in Χ such that 'n ng gT Tλ=  for all n and g with 0,λ >  then ( ) ( ').S X S X=  
This property resembles the Population Principle in the income inequality literature, according to 
which replications of the income distribution do not alter income inequality. In our context, size 
invariance captures a relative view of segregation in which all that matters are the joint, conditional and 
marginal frequency distributions:7 
 :
n
g
gn
T
p
T
=  proportion of students of group g and school n in the city 
 { } ,
1, 1
:
G N
gn gn g n
P p
= =
=  joint distribution of ethnic groups and schools 
 
1
:
N
g gn
n
p p
•
=
= ∑  proportion of students of group g in the population 
 { }
1
:
G
g g g
P p
• •
=
=  marginal distribution by ethnic groups  
 
1
:
G
n gn
g
p p
•
=
=∑  proportion of students attending school n in the population 
 { }
1
:
N
n n n
P p
• • =
=  marginal distribution by school size  
 | :
gn
g n
n
p
p
p
•
=  proportion of students in school n who belong to group g 
 { }| | 1 :Gg n g n gP p ==  conditional distribution by groups of students at school n  
 | :
gn
n g
g
p
p
p
•
=  proportion of students in group g who attend school n 
 { }| | 1 :Nn g n g nP p ==  conditional distribution by schools of students in group g. 
                                                                                                                                                                         
6 These two notions are closely connected with the “evenness” and “isolation” dimensions distinguished in Massey and 
Denton (1988) in the two-group case. 
7 
 
 
II. 3. The Main Invariance Properties 
 
As pointed out in the Introduction, in the empirical literature on gender segregation it has been 
noticed that both the overall gender composition of employment, as well as the distribution of the 
employed population across occupations, typically change over time and/or space. Similar phenomena 
are present in other segregation contexts. Due to differential fertility or to the vagaries of domestic or 
international migration flows, the relative size of certain ethnic groups may drastically change over time 
and across space. Similarly, the size distribution of schools in two cities or in a given city in two 
moments in time may be very different indeed. Consequently, it has been forcefully argued that 
rigorous segregation comparisons in spatial and time-series studies should be made independent of 
changes in the marginal distributions, be it the overall gender shares of the employed population and its 
distribution across occupations in studies of occupational segregation by gender, or the population 
ethnic composition, ,gP •  and the population distribution across schools, ,nP•  in studies of school 
segregation by ethnic group.8 
The following two axioms have been proposed to capture these ideas. To motivate the first one, 
consider a situation in which only the size of one or more ethnic groups vary, so that the marginal 
distribution gP •  changes, but the allocation of ethnic groups across schools, | ,n gP  remains constant. 
Under these circumstances, it is frequently argued that the segregation level should be unchanged. 
Invariance 1 (I1): (Composition Invariance in James and Taeuber, 1985, and Watts, 1998; 
Homogeneity in Hutchens, 1991; Scale Independence in Frankel and Volij, 2007). If X and X’ are two cities in 
Χ such that 'n ng g gT Tλ=  for all n and g with 0gλ >  for each g, then ( ) ( ').S X S X=  
Under I1, differences in segregation cannot be due solely to differences in citywide ethnic 
composition. In other words, a group’s weight in the segregation index cannot depend only on its size. 
                                                                                                                                                                         
7 For a study that focuses on translation invariant segregation indices that represent an absolute view of segregation, see 
Chakravarty and Silber (1992). 
8 See, inter alia, James and Taeuber (1985), Charles(1992, 1998), Charles and Grusky (1995, 2004), Grusky and Charles 
(1998), and Hutchens (1991, 2001, 2004). 
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As a matter of fact, the only relevant magnitudes in the domain of an I1 index are the conditional 
school distributions by ethnic group, | ;n gP  that is, if 1S  satisfies I1, then 1 1( ) ( ')S X S X≠  if and only if 
the conditional distributions |n gP  and 
'
|n gP  differ for some group g. This implies that users of 
segregation indices that satisfy I1 restrict themselves to an evenness notion of segregation. 
In the important G = 2 case, there is a very close relation between I1 indices and segregation 
curves, first suggested by Duncan and Duncan (1955). In the context of occupational segregation by 
gender, a segregation curve represents the cumulative fraction of females (on the ordinate) and the 
cumulative fraction of males (on the abscissa) with occupations sorted in ascending order according to 
the ratios 
|
|
.
n female
n male
p
p
 
  
 
 A segregation curve is said to dominate another if it lies at no point below and at 
some point above the other. Just as with Lorenz curves, segregation curves provide an incomplete 
ranking of distributions of employed people across occupations. Hutchens (1991, 2001) show that a 
segregation index is consistent with the ranking obtained from segregation curves only if it satisfies I1. 
Thus, the failure to satisfy I1 implies that a segregation index is not consistent with the ordering 
provided by segregation curves. Notice, however, that since segregation curves are only well defined 
when G = 2, this defense of I1 does not carry over to the multigroup case with G > 2. 
For the next invariance axiom, consider situations in which the school size distribution, ,nP•  
changes, while the ethnic mix within each school, | ,g nP remains constant. It has also been argued that 
under these conditions the segregation index should not change. 
Invariance 2 (I2): (Occupational Invariance in Watts 1998, and Blackburn et al. 1993, 1995). If X 
and X’ are two cities in Χ such that 'n n ng gT Tλ=  for all n and g with 0nλ >  for each n, then 
( ) ( ').S X S X=  
Under I2, differences in segregation should not be due solely to differences in school sizes; 
consequently, a school’s weight in a segregation index cannot depend only on its size. The only relevant 
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magnitudes in the domain of I2 indices are the schools’ ethnic composition, | ;g nP  that is, if 2S  satisfies 
I2, then 2 2( ) ( ')S X S X≠  if and only if the conditional distributions |g nP  and 
'
|g nP  differ for some 
school n. This implies that users of segregation indices that satisfy I2 restrict themselves to a 
representativeness notion of segregation. 
Which of the two invariance axioms, I1 and I2, has a better intuitive defense? Although the 
choice of invariance property might be resolved by an appeal to intuition, the issue might also depend 
on the circumstances of the case. Accordingly, in the following section, a testing strategy is proposed to 
decide which type of invariant index should be used in applications. 
 
III. EMPIRICAL STRATEGY 
Some people may be prepared to defend the use of segregation indices satisfying either I1 or I2 
(or both) on a priori, intuitive grounds. Other scholars may find both axioms potentially useful, and may 
condition the choice of invariant index to the specific context in which the comparison takes place. For 
instance, the property I1 seems especially appropriate when changes in the joint distribution 
gnP are 
exclusively due to changes in the marginal distribution by groups, ,gP •  while |n gP  remains invariant. In 
contrast, I2 seems appropriate when changes in the joint distribution gnP are only due to changes in the 
marginal distribution by schools, ,gP •  while |g nP  remains invariant. Usually, the joint distribution will 
change as a result from differences in the marginal distributions, gP •  and ,nP•  as well as from 
differences in the conditional distributions, 
|n gP  and | .g nP  When this is the case, it might be reasonable 
to adopt a conservative approach, and choose, say, indices satisfying I1 whenever changes in |n gP  are of 
smaller importance than changes in |g nP . Thus, the reasons for using one type of invariant index may 
ultimately rest on the circumstances of each particular case. In the following, an empirical strategy 
based on an unrestricted statistical model is proposed to determine when changes in |n gP  are of smaller 
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importance than changes in |g nP . 
Consider the comparison of school segregation by ethnic group between two periods, 1 2, .t t t=  
Denote the joint probability that a student of ethnic group g is at school n at period t by: 
  ( ) ( )1 2 1 2
1 1
Pr , , ,   = 1, , .
G N
gnt gnt gnt
g n
g n t t t tpi pi pi
= =
= + =∑∑    
  
Denote by ( )gn tpi the conditional probability at period t that a student of ethnic group g is at school n, 
i.e. 
1 1
( ) , .
N G
gnt
gn t gnt
n gt
t
pi
pi pi pi
pi ••
= =••
= =∑∑  An index satisfying I1 seems especially appropriate when changes 
in the joint distribution ( )gn tpi are exclusively due to changes in the marginal distribution by groups, 
( ),g tpi •  while | ( )n g tpi  remains invariant: 0 | |: ( ) .n g n gH tpi pi=  The log-likelihood test statistic on this 
hypothesis takes the form: 
  
1 2
| |1 2
1
1 1 | |
( ) ( )
2 ( ) log ( ) log
N G
n g n gn n
g g
n g n g n g
p t p t
LR T t T t
p p
= =
     
= +       
     
∑∑  
where 
| ( )n gp t  is the proportion in ethnic group g of students attending school n in period t. A small 
value for 1LR  indicates that changes in | ( )n g tpi are not significant. In this situation, advocates of I1 
indices would insist that segregation should remain invariant. Thus, 1LR  is the inverse of an indicator 
for the adequacy of an I1 segregation index.9 
Similarly, consider the null hypothesis that intertemporal changes in the joint distribution are 
due to changes in the school marginal distribution, ( ),n tpi•  while the ethnic mix by school | ( )g n tpi  
remains invariant: 
0 | |: ( ) .g n g nH tpi pi= The log-likelihood test statistic on this hypothesis takes the form: 
  
1 2
| |1 2
2
1 1 | |
( ) ( )
2 ( ) log ( ) log
N G
g n g nn n
g g
n g g n g n
p t p t
LR T t T t
p p
= =
     
= +       
     
∑∑  
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This statistic can be interpreted as the inverse of an indicator for the adequacy of an I2 segregation 
index: the smaller the statistic, the more evidence we have that changes in | ( )g n tpi  are not significant.
10 
Consequently, it seems reasonable to carry out both tests and choose an index satisfying I1 (or I2) 
whenever 
1LR  is smaller (larger) than 2LR . 
 
IV. THE MUTUAL INFORMATION INDEX OF SEGREGATION 
 
In information theory, the expression 
  
|
|
1
log
G
g nn
g n
g g
p
M p
p
= •
 
=   
 
∑  (2) 
is known as the expected information of the message that transforms the set of proportions 
gP •  to the 
set of proportions 
| .g nP  The value of this expected information is zero whenever the two sets of 
proportions are identical, and it takes larger and larger positive values when the two sets are more 
different. In other words, the term nM  measures the extent to which the ethnic distribution of 
individuals in school n, | ,g nP  differs from the overall ethnic distribution, .gP •  Therefore, 
nM  can be 
interpreted as an index of (local) segregation in school n when segregation is interpreted as deviation 
from representativeness.11  
Because nM  indicates the existence of local segregation whenever |g nP  differs from ,gP •  
nM  is 
obviously not independent from changes in the ethnic distribution of the population, .gP •  Thus, the 
nM  index is not I1. To justify this choice, consider the following two examples with 2 demographic 
                                                                                                                                                                         
9
 
1LR  can also be interpreted as the log-likelihood ratio statistic for the null hypothesis that changes in the joint distribution arise 
only from changes in ,gpi •  i.e. 2 10 : .ggnt gntH pi λ pi=  
10
 
2LR  can also be interpreted as the log-likelihood ratio statistic for the null that changes in the joint distribution arise only from 
changes in ,npi•  i.e. 2 10 : .ngnt gntH pi λ pi=  
 
11 In principle, the logarithm could be computed in any base. In the following examples, natural logarithms will be used.  
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groups (black and white), who attend 3 schools. In example A, a student population of 4 people, 
consisting of 2 black and 2 white students, are distributed in the 3 schools as follows: 
 
[ ]
Ethnic groups
1 1 0
0 1 1
1 2 3
Schools
A
black
X
white
s s s
   
=    
     
Rows represent the distributions of blacks and whites across the three schools. Columns inform about 
the ethnic mix for each of the three schools. School 1 is entirely black, | 1 1,black sp =  while school 3 is 
entirely white, | 3 0.black sp =  Since the proportion of black students in the population is 0.5,blackp • =  the 
local indices 1 3 log(2) 0.69s sM M= = =  indicate large segregation levels in both schools. Since 
| 2 0.5,black sp =  
2 0,sM =  indicating the absence of segregation in school 2. Consider now example B 
where, relative to example A, the size of the white population increases by a factor of 100: 
 
[ ]
Ethnic groups
1 1 0
0 100 100
1 2 3
Schools
B
black
X
white
s s s
   
=    
     
Since now 1 101,blackp • =  the event | 1 1,black sp =  becomes much more anomalous than before when 
0.5.blackp • =  Correspondingly, it is reasonable to have 
1 log(101) 4.62sM = =  in school 1, a larger 
value than before. Similarly, the event 
| 3 0black sp =  fits more into the overall pattern than in example A, 
which causes 3 20.99 10sM x −=  in school 3 to be much lower than before. Finally, since 
| 2 1/101,black s blackp p •= =  indicating that school 2 is characterized as before by the absence of 
segregation, we have that 2 0sM = . Thus, in spite of the fact that the distributions of both ethnic 
groups across schools remain constant, the change in the overall black share from 0.5blackp • =  in 
example A to 1/101blackp • =  in example B drastically alters the way segregation in certain schools is 
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measured by the local index .nM  Of course, all indices of (local) segregation for demographic groups 
satisfying I1 will indicate that the extent of segregation among blacks and whites remain constant 
between situations A and B. 
A weighted average of the nM  indices of local segregation defined in (2) will constitute an index 
of segregation for the city as a whole. The selection of the weights is an important issue. One possible 
option is to give the same weight to each school, thus ensuring that the index satisfies I2. However, we 
agree with the argument provided by England (1981) in the context of occupational segregation by 
gender. Suppose that schools that are more segregated grow faster over time. An index that reveals this 
increase in segregation seems to us preferable over one that adjusts the change out because it resulted 
from an increase in the relative size of highly segregated schools. Thus, the M index of overall 
segregation is defined by 
 
1
.
N
n
n
n
M p M
•
=
=∑  (3) 
That is to say, M is the weighted average of information expectations, with weights equal to the number 
of people in each school.12  
Consider the following illustration of the role of such weighting scheme. Relative to example A, 
in example C the size of school 2 is increased by a factor of 100: 
 
[ ]
Ethnic groups
1 100 0
0 100 1
1 2 3
Schools
C
black
X
white
s s s
   
=    
     
The black share in the three schools and in the population as a whole coincides with those of example 
A so that the local indices of segregation nM  remain constant in each school. However, the relative 
                                                 
12
 Notice that, with this aggregation scheme the citywide segregation in examples A and B above become 
( ) 0.35AM X =  and ( ) 0.03,BM X =  respectively, indicating larger overall segregation in example A than in example 
B. In contrast, an index which satisfies I1 would give the same level of segregation in the two examples. 
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sizes of schools 1 and 3 have now drastically decreased with respect to those in example A. 
Correspondingly, the overall segregation index is now 3( ) 0.68  10 ( ).C AM X x M X−= <  Of course, an 
index which satisfies I2 would give the same level of segregation in the two examples.  
Looking at the three examples together, advocates of segregation indexes that satisfy I1 but not 
I2 would recommend that segregation remains constant in examples A and B, but it should typically 
decrease in example C. Advocates of segregation indexes that satisfy I2 but not I1 would recommend 
that segregation remains constant in examples A and C, but it should typically decrease in example B. 
Interestingly enough, advocates of segregation indexes that satisfy both invariance properties, would 
insist on segregation remaining constant through the three examples.13 As we have seen, the M index 
favoured in this paper would indicate instead that segregation continuously decreases in the sequence 
from example A to example C. 
To further illustrate the differences between a segregation index that satisfies one or both 
invariance properties and the M index, consider the following example D (used for other purposes in 
Frankel and Volij, 2007). There are two cities 1Y  and 2Y   with the following data matrixes: 
[ ] [ ]
1 2
Ethnic groups Ethnic groups
99 0 50 0
,  0 1 0 50
1 2 1 2
Schools Schools
black black
Y Y
white white
s s s s
       
= =       
         
 
All conditional distributions in each city are equal to 
 
| |
1 0
0 1
n g g nP P
 
= =  
 
 
 
Therefore, a student’s ethnicity is determined by her school in both cities. Thus, according to an index 
satisfying both invariance properties, segregation is the same in both cities.14 However, as Frankel and 
                                                                                                                                                                         
 
13 For a segregation index that satisfies both I1 and I2 in the G = 2 case, see Charles (1992, 1998), Charles and Grusky 
(1995, 2004), and Grusky and Charles (1998). 
14 Of course, indices which are either I1 or I2 will also give the same measurement of segregation in the two cities. 
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Volij (2007) indicate, because the population ethnic distribution gP •  is ( )0.99,0.01  in 1Y  and 
( )0.50,0.50  in 2 ,Y  there is initially less uncertainty about a student’s ethnicity in 1Y  than in 2.Y  
Correspondingly, the M index reveals that the second city is more segregated, 2( ) 0.69,M Y =  than the 
first one, 1 1( ) 0.56  10 .M Y x −=  As long as any aspect of the joint distribution of ethnic group and 
school changes –including changes solely in the marginal distributions with both conditional 
distributions remaining constant– the M index reflects a change in the pattern of segregation. 
Finally, one may wonder how the two notions of segregation introduced in Section II.1 are 
handled by the M index. To answer this question, it suffices to introduce a final invariance property, 
according to which if the roles of ethnic groups and schools are inverted, then segregation should 
remain constant. 
Transpose Invariance (Mora and Ruiz-Castillo, 2005, and Frankel and Volij, 2007). If X and X’ 
are two cities in Χ such that 'n gg nT T=  for all n and g, then ( ) ( ').S X S X=  
In the words of Frankel and Volij (2007), if the ethnic group and school of a randomly selected 
student are thought of as random variables, then the M index equals the mutual information of these 
variables: the reduction in uncertainty about one variable that occurs when one learns the value of the 
other (Cover and Thomas, 1991). Since mutual information is a symmetric concept, it turns out that the 
M index is transpose invariant. Consequently, we may say that the M index treats evenness and 
representativeness in a symmetric fashion.  
It has already been indicated that expression (2) can be interpreted as a (local) segregation index 
when segregation is taken to mean deviation from representativeness. On the other hand, the 
expression 
 
|
1
log
N
n g
g n
n n
p
M p
p
•
= •
 
=  
 
∑  (4) 
is the expected message that transforms the set of proportions nP•  to the set of proportions | ,n gP  The 
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term gM  measures the extent to which the distribution of students in group g across schools differs 
from the school size distribution for the population as a whole. Therefore, gM  can be interpreted as a 
(local) index of segregation in ethnic group g when segregation is taken to mean deviation from 
evenness. Because the M index is transpose invariant, the weighted average of information expectations 
defined in (4), with weights equal to the number of people in each group, coincides with the overall 
index of segregation for the population as a whole defined in (3), that is: 
 
1
.
G
g g
g
M p M
•
=
=∑  (5) 
Therefore, the M index can be interpreted both as the average amount of information that a student’s 
school conveys about her ethnicity, as well as what a student’s ethnicity reveals about her school. 
A final example E, inspired in another one from Frankel and Volij (2005), will help to understand 
the difference between the M index and any index which satisfies I1, according to which a change in 
the segregation scheme in a relatively small ethnic group may lead to a large change in school 
segregation. Consider two cities 1Z  and 2Z   with the following data matrixes: 
 
[ ]
1
Ethnic groups
89 10
10 89
1 1
1 2
Schools
black
Z white
mixed
s s
   
   
=    
      
,
[ ]
2
Ethnic groups
89 10
10 89
10 1
1 2
Schools
black
Z white
mixed
s s
   
   
=    
      
 
Since the black and white distributions are very similar in the two situations and the mixed group is 
very small, the weighted M index does not change much: 1( ) 0.36M Z =  and 2( ) 0.37.M Z = 15 This is 
not the case for an I1 segregation index for which a group’s weight cannot depend on its size. For 
                                                 
15 Since the ethnic mix in both schools and in the population as a whole do not change much in the two cities 
1Z  and 2Z , 
it can be conjectured that the extent of segregation according to any I2 index will also be of a similar order of magnitude. 
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example, take the unweighted Atkinson index A defined by:16 
 ( ) 1|
1 1
( ) 1 .
GN
G
n g
n g
A X p
= =
 
= −  
 
∑ ∏  
 In this case, 1( ) 0.29,A Z =  while 2( ) 0.37.A Z =  Since a group’s size does not matter, the small mixed-
race group receives the same weight, 1/3, in the geometric mean as each of the two larger groups. 
Because this group’s segregation pattern considerably changes from 1Z  to 2 ,Z  the overall segregation 
changes by as much as 27.6%.  
It is reasonable to search for segregation indices that satisfy either I1 or I2. However, these are 
rather demanding properties that compel users to commit themselves to either an evenness (or a 
representativeness) notion of segregation where a group’s (or a school’s) influence in overall 
segregation should be independent of its size. We believe that it is equally reasonable to work with 
segregation indices that violate both properties. In particular, as the above examples illustrate, there are 
good a priori reasons to work with transpose invariant segregation indices, such as the M index, where 
evenness and representativeness are treated in a symmetric fashion and the influence of any index of 
(local) segregation at the group or school level in overall segregation depends on the group or the 
school size. 
 
 
V. DECOMPOSITIONS OF PAIRWISE COMPARISONS OF THE MUTUAL 
INFORMATION INDEX 
 
Differences in the index of segregation between any two situations may result from differences in 
the marginal distributions, gP •  and ,nP•  as well as from differences in the conditional distributions, 
|n gP  and | .g nP  As indicated in the Introduction, there are reasons to argue that pair wise comparisons of 
segregation should net out the effect of differences in the marginal distributions. Such comparisons can 
be accomplished in at least two ways. First, if the index is invariant, then the comparison of the index 
                                                 
16 Frankel and Volij (2005) characterize the underlying Atkinson ordering in terms of an ordinal version of the I1 property 
and five other ordinal axioms. 
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will also be invariant. Second, as advocated, inter alia, by Blau and Hendricks (1979), Jonung (1984), 
Beller (1985), and Watts (1992, 1998), if the index is not invariant observed differences may be 
decomposed so that one of the terms in the decomposition reflects changes in segregation which are 
not due to changes in the marginal distributions. This is the strategy applied for the M index in the rest 
of this Section. 
For the sake of concreteness, assume that there is data on a city X in Χ during two periods,  
1 2( ),  , .X t t t t=  Applying the M index to this data for any t we have: 
  
( ) ||
1 1
|
|
1 1
( )
( ) ( ) ( ) log
( )
( )
( ) ( ) log
( )
G N
n g
g n g
g n n
N G
g n
n g n
n g g
p t
M X t p t p t
p t
p t
p t p t
p t
•
= = •
•
= = •
 
=  
 
 
=   
 
∑ ∑
∑ ∑
 
As we know, a change in either ( )np t•  and/or ( )gp t•  keeping | ( )g np t  and/or | ( )n gp t  invariant will 
result in a change in the index, i.e. M does not satisfy I1 or I2. However, as will be seen presently, there 
are two ways to decompose pair wise comparisons using the M index in order to isolate an invariant 
term. 
In the first place, note that the M index can be written as: 
  ( ) ( )| |
1 1
( ) ( ) ( ) log ( ) ( )
G N
c
g n g n g
g n
M X t p t p t p t T t
•
= =
 
= + 
 
∑ ∑  (6) 
where 
   
1
1
( ) ( ) log
( )
N
c
n
n n
T t p t
p t
•
= •
 
=  
 
∑   
is Theil’s index of concentration for the marginal distribution of students by schools. For the moment, 
let { }
1
G
g g g
pi
=
Π ≡  be any G array of real numbers such that 0 1,gpi≤ ≤  and 
1
1.
G
g
g
pi
=
=∑ 17 Given equation 
(6), the intertemporal change in overall segregation can be decomposed into the following three  terms: 
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  ( ) ( )2 1( ) ( ) ( ) ( )g g gM X t M X t N SC EG− = ∆ Π + ∆ + ∆ Π  (7) 
 
where:   
  ( ) ( ){ }2 2 1 1| | | |
1 1
( ) ( ) log ( ) ( ) log ( ) ,
G N
g g n g n g n g n g
g n
N p t p t p t p tpi
= =
∆ Π = −∑ ∑  
  2 1( ) ( ),c cgSC T t T t∆ = −  
  ( ) ( )
1 2
| |
1 1,
( ) ( ) ( ) log ( )
G N
g g g n g n g
g nt t t
EG p t p t p tpi
•
= ==
 
∆ Π = − 
 
∑ ∑ ∑   
 
The three terms in this expression can be interpreted as follows. First, gSC∆  isolates segregation 
changes due to intertemporal changes in the concentration of students across schools. Second, 
( )gEG∆ Π  isolates segregation changes due to differences between the marginal distribution of 
students by ethnic groups, .gP •  Third, ( )gN∆ Π  gives the difference in segregation that arises from 
changes in |n gP  when both the Theil’s index of concentration ( )
cT t  and the marginal distribution gP •  
remain constant, and the latter equals 
gΠ . Notice that ( )gN∆ Π  satisfies I1 in the sense that it equals 
zero if 2 1( ) ( )n ng g gT t T tλ= for all n and g with 0.gλ > 18  
In the second place, note that the M index can also be written as: 
  ( ) ( )| |
1 1
( ) ( ) ( ) log ( ) ( )
N G
n g n g n c
n g
M X t p t p t p t T t
•
= =
 
= + 
 
∑ ∑  (8) 
where 
   
1
1
( ) ( ) log
( )
G
c g
g g
T t p t
p t
•
= •
 
=   
 
∑   
is Theil’s index of concentration for the marginal distribution of students by ethnic groups. For the 
moment, denote by { }
1
N
n n
n
pi
=
Π ≡  any N array of real numbers such that 0 1,npi≤ ≤  and 
1
1.
G
n
g
pi
=
=∑  
                                                                                                                                                                         
17
 A particular choice for gΠ will be justified below. 
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Given equation (8), the intertemporal change in overall segregation can be decomposed into the 
following three terms: 
  ( ) ( )2 1( ) ( ) ( ) ( )n n nM X t M X t N EG SC− = ∆ Π + ∆ + ∆ Π  (9) 
 
where:   
  ( ) ( ){ }2 2 1 1| | | |
1 1
( ) ( ) log ( ) ( ) log ( ) ,
N G
n n
g n g n g n g n
n g
N p t p t p t p tpi
= =
∆ Π = −∑ ∑  
  2 1( ) ( ),n c cEG T t T t∆ = −  
  ( ) ( )
1 2
| |
1 1,
( ) ( ) ( ) log ( )
N G
n n
n g n g n
n gt t t
SC p t p t p tpi
•
= ==
 
∆ Π = − 
 
∑ ∑ ∑   
 
The three terms in this decomposition can be interpreted as follows. First, nEG∆  isolates segregation 
changes due to changes in the concentration of students across ethnic groups. Second, ( )nSC∆ Π  
isolates segregation changes due to differences between the marginal distribution of individuals by 
schools, .nP•  Third, ( )
nN∆ Π  gives the difference in segregation that arises from changes in |g nP  when 
the Theil’s index of concentration ( )cT t  and the marginal distribution of students by ethnic groups nP•  
remain constant, and the latter equals nΠ . Note that ( )nN∆ Π  is I2 in the sense that it equals zero if 
2 1( ) ( )n ng n gT t T tλ=  for all n and g with 0.nλ >  
Both ( )gN∆ Π  and ( )
nN∆ Π  in decompositions (7) and (9) are obtained, respectively, by 
holding the marginal distributions constant and computing the change in segregation if only |n gP  and 
| ,g nP  respectively, are allowed to change. Karmel and MacLachlan (1988) argue that, in general, this 
approach is not appropriate because marginal and conditional distributions are not independent from 
each other: 
                                                                                                                                                                         
18 Under the statistical model from Section III, it can also be shown that the term ( )gN∆ Π is a monotonic transformation 
of the difference across periods in log-likelihoods when the observed marginal frequency by ethnic group at each period 
equals .gΠ  
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|
1
|
1
( ) ( ) ( ),
( ) ( ) ( ).
N
g g n n
n
G
n n g g
g
p t p t p t
p t p t p t
• •
=
• •
=
=
=
∑
∑
 
 
Instead, they propose the use of an iterative procedure originally suggested by Deming and Stephan 
(1940) to identify a joint distribution of schools and ethnic groups for, say, period 1,t  that maintains 
the original association structure between schools and ethnic groups but closely approximates the 
marginal distributions of period 2t . Using this transformation, these authors establish that changes in 
segregation can be decomposed into four terms that captures variation in segregation due to a variation 
in the relative weights of the schools; a change in the overall proportions of ethnic groups; a net change 
in segregation, plus an interaction term. 
More recently, Deutsch et al. (2006) combine the Karmel and McLachlan approach with the 
concept of Shapley value to provide a decomposition without any interaction term. These authors 
accomplish this valuable task applying this approach to the Dissimilarity segregation index first 
proposed in Duncan and Duncan (1955). Interestingly enough, when this approach is applied to pair 
wise comparisons of the M index to isolate I1 and I2 terms, it turns out that the decomposition thus 
achieved can be obtained from expressions (7) and (9) for certain specifications of the sets gΠ  and 
,nΠ  respectively. The remaining of this section is devoted to establish the close connection between 
the two approaches. 
First, consider the computation of an I1 term following the Deutsch et al. approach. Assume that 
the matrix 1( ),X t  can be transformed into a new matrix 1 2( , )X t t  such that the conditional 
distribution |n gP  is close to the original conditional distribution in 
1( ),X t  while the marginal 
distributions gP •  and nP•  are exactly equal to those of period 
2.t  Similarly, matrix 2( )X t  can also be 
transformed into a new matrix 2 1( , )X t t  such that the conditional distribution |n gP  remains essentially 
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constant but the marginal distributions equal those of period 1.t  Then, it is straightforward to see that  
  ( ) ( )2 1( ) ( ) g gM X t M X t N M− = ∆ + ∆  (10) 
 
where  
 ( ) ( ) ( ) ( )2 1 1 2 1 2(1/ 2) ( , ) ( ) (1/ 2) ( ) ( , )gN M X t t M X t M X t M X t t   ∆ = − + −     
and 
 ( ) ( ) ( ) ( )2 2 1 1 2 1(1/ 2) ( ) ( , ) (1/ 2) ( , ) ( ) .gM M X t M X t t M X t t M X t   ∆ = − + −     
 
The first component, ,gN∆  measures changes in segregation due to changes in the conditional school 
distribution by ethnic group, | .n gP  The second component,  ,gM∆  isolates the effect on segregation of 
changes across periods in both marginals, gP • and .nP•   
To establish the relation between 
gN∆  and ( )gN∆ Π  in equation (7), assume that the algorithm 
used to obtain 2 1( , )X t t  actually delivers a new matrix that exactly replicates the conditional 
distribution in period 2 ,t  i.e. 2 1 2| |( , ) ( ).n g n gp t t p t=  In this case, we have: 
  ( ) ( )2 1 1 2 2 1| |
1 1
( , ) ( ) ( ) log ( ) ( ).
G N
c
g n g n g
g n
M X t t p t p t p t T t
•
= =
 
= + 
 
∑ ∑  
If we now choose 1( ),g gP t•Π =  then it can be seen that 
  ( ) ( ) ( )2 1 1 1( , ) ( ) ( ) .gM X t t M X t N P t• − = ∆    
Similarly, assuming that the algorithm used to obtain 1 2( , )X t t  actually delivers a new matrix that 
exactly replicates the conditional distribution in period 1,t  i.e. 2 1 2| |( , ) ( ),n g n gp t t p t=  and choosing 
2( ),g gP t•Π =  then it can be seen that  
  ( ) ( ) ( )2 1 2 2( ) ( , ) ( ) .gM X t M X t t N P t• − = ∆   
Therefore, 
  ( ) ( )1 2(1/ 2) ( ) (1/ 2) ( )g g gN N P t N P t• •∆ = ∆ + ∆  (11) 
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On the other hand, it can be seen that 
  g g gM SC EG∆ = ∆ + ∆   (12) 
where gSC∆ is defined in equation (7) and 
  ( ) ( )1 2(1/ 2) ( ) (1/ 2) ( ) .g g gEG EG P t EG P t• •∆ = ∆ + ∆  
Equations (11) and (12) imply that a decomposition that isolates an I1 term following the approach in 
Deutsch et al. (2006), can be achieved by applying equation (7) for 1( )g gP t•Π = and 
2( ),g gP t•Π = and 
then computing the average for each of the terms in the decomposition. 
Second, consider the computation of an I2 term following the Deutsch et al. approach. Using a 
similar argument as in the previous case, it can be shown that: 
  ( ) ( )2 1( ) ( ) n n nM X t M X t N EG SC− = ∆ + ∆ + ∆   
where nEG∆  is defined in equation (9) and 
  
( ) ( )
( ) ( )
1 2
1 2
(1/ 2) ( ) (1/ 2) ( )
(1/ 2) ( ) (1/ 2) ( ) .
n
n n
n
n n
N N P t N P t
SC SC P t SC P t
• •
• •
∆ = ∆ + ∆
∆ = ∆ + ∆
 (13) 
Equation (13) shows that a decomposition that isolates an I2 term can be achieved by evaluating 
decomposition (9) for 1( )n nP t•Π = and 
2( ),n nP t•Π = and then computing the average for each term in 
the decomposition. 
 
VI. CONCLUSIONS 
In the segregation literature it has been advocated that rigorous pair wise segregation 
comparisons over time or across space in the multigroup case should be invariant in two situations: 
when the ethnic composition of the population changes while the distribution of each ethnic group 
over the schools remains constant (invariance 1), or when the size distribution of schools changes while 
the ethnic composition of each school remains constant (invariance 2).  
This paper has made three contributions to this literature. First, it has presented a testing strategy 
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for choosing between the two invariance properties. Second, it has argued that both properties have 
strong implications, and that there are reasons to defend that the overall segregation index need not 
satisfy either one. The contrast between invariant segregation indices and the Mutual Information 
segregation index that violates both properties has been illustrated with a number of examples. Third, it 
has nevertheless been shown that pair wise segregation comparisons using this index can be expressed 
in terms of (i) changes in the ethnic composition of the population, (ii) changes in the school size 
distribution, and (iii) changes in a third term that is I1 or I2. These decompositions can be used to 
reach the analogous ones obtained in Deutsch et al. (2006). 
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